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Magnetic condensation, Abelian dominance,
and instability of Savvidy vacuum in Yang-Mills theory ∗
Kei-Ichi KONDO†
Department of Physics, Faculty of Science, Chiba University, Chiba 263-8522, Japan
We propose a novel type of color magnetic condensation originating from magnetic
monopoles so that it provides the mass of off-diagonal gluons in the Yang-Mills theory.
This dynamical mass generation enables us to explain the infrared Abelian dominance
and monopole dominance by way of a non-Abelian Stokes theorem, which supports the
dual superconductivity picture of quark confinement. Moreover, we show that the insta-
bility of Savvidy vacuum disappears by sufficiently large color magnetic condensation.
Keywords: magnetic condensation, Abelian dominance, monopole condensation, quark
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1. Introduction
In the Yang-Mills theory, i.e., non-Abelian gauge theory with asymptotic freedom,
Savvidy1 has found that a nonperturbative vacuum with dynamically generated
color magnetic field has lower vacuum energy density than the perturbative vacuum.
Immediately after this discovery, however, Nielsen and Olesen (NO)2 have pointed
out that the effective potential V (H) of the color magnetic field H , when calculated
explicitly at one-loop level, develops a pure imaginary part, although the real part
agrees exactly with the Savvidy’s result: The real part of V (H) has an absolute
minimum at H = H0 away from H = 0. The presence of the pure imaginary
part implies that the Savvidy vacuum gets unstable due to gluon–antigluon pair
annihilation. Since the energy eigenvalue En of the massless off-diagonal gluons
with the spin S = 1 in the constant external magnetic field Hz := H12 is given by
E±n =
√
k2z + 2gHz(n+ 1/2) + 2gHzSz (n = 0, 1, 2, · · ·) (1)
where Sz = ±1, the instability is also understood as originating from the tachyon
mode n = 0, Sz = −1 (or the lowest Landau level with antiparallel spin to the
external magnetic field),
E−0 =
√
k2z − gHz. (2)
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On the other hand, it is well known that in QED without asymptotic freedom,
the non-zero magnetic field does not lower the vacuum energy and hence no magnetic
condensation occurs, while the electric field causes electron–positron pair creation,
destabilizing the QED vacuum.
The NO instability of the Savvidy vacuum was derived based on the one-loop cal-
culation of the effective potential. Therefore, some people consider it as indicating
unreliability of the lowest-order loop calculation, i.e., artifact of the approxima-
tion. However, no one has demonstrated that the inclusion of higher order terms
cures the instability. Moreover, the same problem exists also in the supersymmetric
Yang-Mills theory in which the higher-order loop corrections are absent, since the
covariantly constant background field strength is not supersymmetric.
A way to circumvent the instability of the Savvidy vacuum is to introduce the
magnetic domains with a finite extension into the vacuum, in each of which the
tachyon mode does not appear as far as k2z > gHz. This resolution is called the
Copenhagen vacuum. However, the Copenhagen vacuum breaks the Lorentz invari-
ance and color invariance explicitly.
What type of vacuum is allowed and preferred in the Yang-Mills theory is an
important question related to the physical picture of quark confinement. Can the
instability be resolved in the one-loop level by a new mechanism? We have re-
examined the stability of the Savvidy vacuum by incorporating new facts which
have been obtained by the recent investigations related to quark confinement.
2. Facts
First, it is useful to recall the assumptions taken in Nielsen and Olesen.2
• The magnitude of the color magnetic field is uniform in spacetime and the direc-
tion is specific H12 = Hz (The direction is identified with the quantization axis
of the off-diagonal gluon spin).
• The background gauge is taken as the gauge fixing condition. (Note that it is
exactly the same as the Maximal Abelian gauge which has played the very im-
portant role in the recent investigations on quark confinement supporting the
dual superconductor picture.)
• The off-diagonal gluons are treated as massless throughout the analysis.
In order to re-examine the instability problem, it is important to recall the
following facts which have been confirmed in the investigations on quark confinement
since 1990.
• In the Maximal Abelian gauge, the infrared Abelian dominance 3,4 and magnetic
monopole dominance are discovered 5 in the numerical simulations on the lattice.
• This phenomena can be explained if the off-diagonal gluons acquire the mass
M which is much larger than the diagonal gluon mass. In fact, the off-diagonal
gluon mass MX has been obtained in the numerical simulation on a lattice
6,7,
M = 1.2GeV. See Ref.8,9 for analytical works.
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We show that the stability of the Savvidy vacuum is restored due to the dynamical
mass generation of off-diagonal gluons caused by a novel type of magnetic conden-
sation coming from the magnetic monopoles. This implies that quark confinement
can be compatible with the stability of the Savvidy vacuum without resorting to
the Copenhagen vacuum. These are quite natural and consistent results, since the
condensation of magnetic monopoles is the key concept in a promising picture for
understanding quark confinement, i.e., the dual superconductor picture.
As a technical device, we apply the Cho–Faddeev–Niemi (CFN)10,11 decom-
position to SU(2) Yang-Mills theory to extract the magnetic monopole degrees of
freedom explicitly from the non-Abelian gauge potential.
3. Advantages of our method using the CFN decomposition
• In our approach using the CFN decomposition, the direction of the color magnetic
field Hµν(x) = Hµν(x)n(x) can be chosen arbitrary at every spacetime point
x by using a unit vector n(x) indicating the color direction. The Lorentz and
color rotation symmetry is not broken by considering ‖H‖ := √Hµν ·Hµν ≡
g−1
√
(n · (∂µn× ∂νn))2. It is invariant also under the color reflection, n(x) →
−n(x).
• This formalism enables us to specify the physical origin of magnetic conden-
sation as arising from the magnetic monopole through the relation, Hµν(x) :=
−g−1n(x)·(∂µn(x)×∂νn(x)). This is a microscopic description of the dynamically
generated color magnetic field, in contrast to the Savvidy, Nielsen and Olesen.
• The non-Abelian Wilson loop operator can be rewritten in terms of the
CFN variables through the Diakonov–Petrov version of the non-Abelian Stokes
theorem.12,13 Hence we can separate the contribution from the magnetic vari-
ables in theWilson loop average for examining the magnetic monopole dominance.
• We can discuss the implications to the Faddeev-Skyrme model14 with knot soliton
as a low-energy effective theory of Yang-Mills theory. This model is expected to
describe glueballs as knot solitons.
4. CFN decomposition
We adopt the Cho-Faddeev-Niemi (CFN) decomposition for the non-Abelian gauge
field 10,11 for extracting the topological configurations explicitly, such as a magnetic
monopole (of Wu-Yang type) and multi-instantons (of Witten type). By introducing
a three-component vector field n(x) with unit length, i.e., n(x) · n(x) = 1, in the
SU(2) Yang-Mills theory, the non-Abelian gauge field Aµ(x) is decomposed as
Aµ(x) =
Vµ(x)︷ ︸︸ ︷
Cµ(x)n(x)︸ ︷︷ ︸
Cµ(x)
+ g−1∂µn(x)× n(x)︸ ︷︷ ︸
Bµ(x)
+Xµ(x), (3)
where we have used the notation: Cµ(x) := Cµ(x)n(x), Bµ(x) := g
−1∂µn(x) ×
n(x) and Vµ(x) := Cµ(x) + Bµ(x). By definition, Cµ is parallel to n, while Bµ
August 11, 2018 6:26 WSPC/INSTRUCTION FILE ep-148˙Kondo
4 K.-I. Kondo
C
B
X
0
n
n
nxn
6
6
Fig. 1. The CFN decomposition of the gluon potential.
is orthogonal to n. We require Xµ to be orthogonal to n, i.e., n(x) · Xµ(x) = 0.
We call Cµ(x) the restricted potential, while Xµ(x) is called the gauge-covariant
potential and Bµ(x) can be identified with the non-Abelian magnetic potential. In
the naive Abelian projection, Cµ(x) corresponds to the diagonal component, while
Xµ(x) corresponds to the off-diagonal component, apart from the magnetic part
Bµ(x). Accordingly, the non-Abelian field strength Fµν(x) is decomposed as
Fµν := ∂µAν − ∂νAµ + gAµ ×Aν = Eµν +Hµν + DˆµXν − DˆνXµ + gXµ × Xν ,(4)
where we have introduced the covariant derivative, Dˆµ[V] ≡ Dˆµ := ∂µ+ gVµ×, and
defined the two kinds of Abelian field strength:
Eµν = Eµνn, Eµν := ∂µCν − ∂νCµ, (5)
Hµν = ∂µBν − ∂νBµ + gBµ × Bν = −gBµ × Bν = −g−1(∂µn× ∂νn). (6)
Here Hµν is the magnetic field strength proportional to n and is of the form
Hµν = Hµνn, Hµν := −g−1n · (∂µn× ∂νn) = ∂µhν − ∂νhµ, (7)
since Hµν is shown to be locally closed and it can be exact locally with the Abelian
magnetic potential hµ. This is because Hµν represents the color magnetic field
generated by magnetic monopoles.15
We adopt the Maximal Abelian gauge in the CFN decomposition, χ :=
Dµ[V]Xµ = 0. It is shown that the effective action to one-loop order is obtained by
integrating out all the fields except for n and Cµ as
Z[J ] =
∫
Dnδ(n · n− 1)
∫
DCµe−SEFF , (8)
SEFF =
∫
x
1
4
[Eµν +Hµν ]
2 +
1
2
ln det{(Q)µν} − ln det{−Dµ[V]Dµ[V]}
+
1
2
ln det{Dµ[V](Q−1)µνDν [V]}+ · · · , (9)
QABµν := −(Dρ[V]Dρ[V])ABδµν + gǫABCnCKµν , Kµν := 2(Eµν +Hµν). (10)
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In the one-loop level, the calculation of the effective potential reduces to the esti-
mation of the logarithmic determinants.
In the massless case, the logarithmic determinants are calculated by using the
ζ-function regularization as
1
2 ln det{(Q)µν} − ln det{−Dµ[V]Dµ[V]}+ 12 ln det{Dµ[V](Q−1)µνDν [V]}
= − ∫ d4x 1(4pi)2 lims→0 dds µ2sΓ(s) ∫∞0 dττs−2 2g‖H‖ [ e−3g‖H‖τ1−e−2g‖H‖τ + eg‖H‖τ1−e−2g‖H‖τ ] . (11)
Then the effective potential of the magnetic field is obtained as16
V (‖H‖) = 1
4
‖H‖2
[
1 +
b0
(4π)2
g2
(
ln
g‖H‖
µ2
− c
)]
+ pure imaginary part, (12)
where b0 =
22
3 and −b0 agrees with the first coefficient of the β-function, β(g) =
−b0
16pi2 g
3 + O(g5). The pure imaginary part proportional to g2‖H‖2 is the signal of
instability pointed out by Nielsen and Olesen.
In the massive case
M2X = g
2〈Bµ · Bµ〉 6= 0, (13)
the effective potential is modified into17
Vr(‖H‖) = 1
4
‖H‖2
[
1− 8
(4π)2
g2
{[
2ζ
(
−1, 3 + r
2
)
+ r
]
ln
g‖H‖
µ2
+
[
2ζ′
(
−1, 3 + r
2
)
+
−1 + r
2
ln
−1 + r
2
+
1 + r
2
ln
1 + r
2
]
+ c′
}]
,(14)
where we introduced the generalized ζ function ζ(z, λ) and the ratio defined by
r := M2X/(g‖H‖) = g2〈Bµ · Bµ〉/(g〈‖H‖〉). (15)
Vr(‖H‖) is a real-valued function for r ≥ 1, while it becomes complex-valued for
r < 1 and reduces to the NO result (12) in the limit r = 0.
5. Conclusion
We have discussed
(i) The magnetic condensation of mass dimension 2 (spontaneous or dynamical
generation of color magnetic field) can occur, i.e., 〈Bµ · Bµ〉 > 0, 〈‖H‖〉 :=
〈√(Bµ × Bν)2〉 > 0, as a consequence of gluonic interactions due to magnetic
monopole degrees of freedom which are extracted by the CFN decomposi-
tion and expressed through n, i.e., g2Bµ · Bµ = (∂ρn)2, and
√
(gBµ × Bν)2 =
g−1
√
(n · (∂µn× ∂νn))2 ≡ ‖H‖.
(ii) If a novel type of magnetic condensation occurs 〈Bµ · Bµ〉 > 0, then the off-
diagonal gluons acquire their massMX asM
2
X = g
2〈Bµ ·Bµ〉 > 0. This leads to
the infrared Abelian dominance. This supports the dual superconductor picture
for quark confinement. The magnetic monopole dominance is also expected to
hold.
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(iii) If the off-diagonal gluon mass MX obtained in this way is sufficiently large so
that M2X (= g
2〈Bµ · Bµ〉) > 〈g‖H‖〉, the tachyon mode in the Savvidy vacuum
is eliminated and the stability is restored.
In fact, the above statements are confirmed as follows. Even in the massive
case, the existence of a magnetic condensation has been shown 〈g‖H‖〉 > 0, within
the one-loop level (improved by the renormalization group)17. The existence of
another magnetic condensation, g2〈Bµ ·Bµ〉 > 0, can be shown17 based on a simple
mathematical identity (Bµ×Bν) · (Bµ×Bν) = (Bµ ·Bµ)2− (Bµ ·Bν)(Bµ ·Bν), which
yields a bound on Bµ ·Bµ, (Bµ ·Bµ)2− (Bµ×Bν) · (Bµ×Bν) = (Bµ ·Bν)(Bµ ·Bν) ≥ 0,
i.e., g2〈Bµ ·Bµ〉 ≥ 〈g‖H‖〉 > 0, leading to r ≥ 1. Then the tachyon mode is removed.
(The possible zero mode can not be excluded.) A stronger bound is obtained17
by using the Faddeev–Niemi variable14, g2〈Bµ · Bµ〉 ≥
√
2〈g‖H‖〉, which yields the
ratio, r ≥ √2. Thus the tachyon mode and the zero mode are removed.
The topics to be tackled in the future are
• Clarifying the relationship between magnetic condensation and magnetic
monopole condensation, in connection to magnetic monopole dominance
• Extension to the gauge group SU(N)
• Going beyond one-loop
• Inclusion of quark (enables us to discuss the chiral symmetry breaking)
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